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The microscopic mechanism for superconductivity in doped SrTiO 3 (STO) has been recently discussed in Ref. 1 .
2 Central to their discussion is the claim that exchanging the soft transverse optical (TO) mode that is related to the proximity to the ferroelectric transition gives a sufficiently large electron-phonon coupling to explain the experimentally observed T c , even at very low densities. This is contrary to the statement we made in an earlier publication 3 that due to the low density of states, the dimensionless electron phonon coupling λ via the exchange of TO phonons is too weak to give any reasonable T c . In addition, we also stated that while the mechanism of exchanging polar phonon proposed by Gurevich et. al. 4 may work at intermediate doping densities, even that fails for very low densities when the requirement for adiabaticity of the phonons is respected. The work of Ref. 1 motivated us to study in detail the coupling of TO phonons to electrons near the zone center. We clarified the roles of Coulomb interaction with the ions versus that of a short range pseudo-potential. In the process we found an error made in Ref. 1, which led them to overestimate the coupling strength and we re-affirm our previous conclusion.
In the case of a ferroelectric transition the order parameter is a lattice distortion, i.e. an optical phonon mode. There are three relevant phonon polarizations, which are traditionally labeled as one longitudinal optical (LO) and two transverse optical (TO) modes. The long-ranged dipolar interactions in the LO mode, however, make it stiff and prevent it from becoming soft at the transition 5 . Thus, the two TO modes are the dynamical soft boson modes associated with this transition.
To get pairing directly from these soft modes the authors of Ref. 1 used a phenomenological model involving a displacement vector u q and invoked a gradient coupling of the form
where u is the soft phonon displacement and ρ is the electronic density. Clearly, if the polarizations of the TO modes are truly transverse this coupling vanishes. They argued that cubic crystal anisotropy tilts the polarization of the soft modes such that the soft modes are never really transverse toq except for high symmetry lines. The square of the overlap between the mode polarization e T (q) and the momentum direction
was estimated and found to be of order 0.1. This parameter multiplies the effective BCS coupling in the s-wave channel, which arises from Eq. (1). Thus, their theory depends crucially on the fact that s is order 0.1 and not negligibly small. It is important to note that for STO the carrier density and therefore the Fermi momentum is very small and the small q limit of Eq. (1) is relevant. Physically we expect the crystalline symmetry to become irrelevant in the q → 0 limit and the polarization should be strictly perpendicular and parallel to q for the TO and LO mode respectively. As a result s should approach zero. This is because any deviation from strictly transverse displacement will mix in long range polarization and raise the energy of the TO mode. In the following we prove this analytically and obtain an expression showing that s is proportional to q 4 (see (14) below). Setting q to be the k F for a given density, we find that for a density n = 10 20 cm −3 , s is smaller than 10 −5 and drops drastically with density. Thus, the authors of Ref. 1 have miscalculated s by orders of magnitude. Their estimate of λ is off by the same amount and their conclusion that T c in STO can be explained by coupling to the soft TO phonon should be reevaluated.
In what follows, we also pin-point the error made in Ref. 1. In evaluating the TO mode eigenvectors, they did not take into account the long-ranged Coulomb forces, which are dominant in the limit q → 0, Consequently, they find s to be independent on q and substantial, as in non-polar materials.
We then go beyond the phenomenological model and consider the full problem of a crystal structure with multiple ions, as is appropriate for STO. We find that the results of the phenomenological model applies to the Coulomb potential considered by Wölfle and Balatsky, which gives a negligible contribution to the coupling. There exists a second kind of contribution from the short range pseudo-potential, which is not generally forced to vanish in the same way. However, for cubic and tetragonal crystals it takes the form Eq. (1) and is also negligible due to the same factor.
Another issue is that in Ref. 1 regards another pairing mechanism: the high frequency LO mode. The authors continued to use the Eliashberg equations even when the phonon frequency exceeds the Fermi energy by one and two orders of magnitude. We argue at the end of this comment that in the absence of proof to the contrary, conventional wisdom should apply and the Eliashberg equation should be restricted to the adiabatic limit.
I. OPTICAL-PHONON DISPERSION CLOSE TO THE ZONE CENTER IN A POLAR CUBIC CRYSTAL
In this section we present the action for optical phonons in SrTiO 3 from which the dispersion and polarization vectors near the zone center can be derived. Because the error in Ref. 1 arises from ambiguity in the inclusion of long-ranged forces in the action formalism we first include dispersion terms based on short-ranged forces, which are identical to the ones in Ref. 1. Then, in the next step we show how to include the long-ranged forces.
We start from the action
Here u is the optical displacement which is proportional to the dipolar polarization and A ij (q) is the dispersion matrix given by
c L and c T are the longitudinal and transverse phonon velocities, respectively, ω T is the optical gap at the zone center and α arises from the cubic crystal fields, which breaks rotational symmetry. The model above is identical to the one used by Wölfle and Balatsky 1 (see Eq. A15). The two are related using the identities
In the first identity P is essentially the dipolar polarization associated with the optical distortion field u. Note that the numbers quoted here are copied from Ref.
1 , and we have not independently verified their accuracy.
We also note that we insist on modifying the notations of Ref. 1 to the ones in Eq. (3) because in this representation the role of the crystal anisotropy α becomes clear. This also allows us to seperate the terms which are fully rotationally symmetric form this term, which will become useful in the next section.
To add the effects of the long-ranged dipolar forces associated with the optical distortion we write their coupling to the electric field
It is crucial to note that we assume that E is static (we neglect dynamics of the electromagnetic fields). Thus, E stems from a potential ϕ, such that E q = iq · ϕ q .
Consequently, E q is strictly a longitudinal vector. When taking the dot-product with u q in the coupling term (5), it nullifies the components perpendicular to q and we can equivalently write the coupling term as
To obtain the effective dispersion we would like to integrate out the electric field. To this end, we recall the action of the of the electric field, which is the energy density (again, neglecting dynamics)
Completing a square between Eq. (7) and Eq. (6) and integrating over the electric field we obtain a shift in the field u
Thus, the combined effect of long and short ranged physics leads to the actioñ
where the corrected dispersion matrix is given bỹ
The LO and TO modes are the eigenstates of this equation. Note that as expected, the LO frequecy has been sifted from ω T to ω L ≡ ω 2 T + 4πω 2 D /ε ∞ . In SrTiO 3 this mass term is quite large. Neglecting complications coming from multiple modes, we can assign ω L ≈ 100 meV, while ω T ≈ 2 meV. The quantum critical point is obtained by taking ω T → 0. The dynamics of the longitudinal component, however, are described by a finite frequency mode.
II. ESTIMATION OF THE POLARIZATION VECTORS AND DISPERSION
The polarization of the optical phonon branches are dictated by the dispersion matrixÃ(q). The main mistake of the authors of Ref. 1 is that they computed the soft mode polarization vectorsê T using the matrix A(q) in action (3) and notÃ(q) in the action Eq. (9) (see Eq.(A30) in their appendix). As a result they obtain that the polarization vectors are independent on the magnitude of the momentum q. However, upon inspection of Eq.(9) we find that in the limit of q → 0 the mass term Eq. (8) 
To see this let us estimate the polarization vectors close to q = 0. We first separate the dispersion matrix into a fully rotational symmetric part and the anisotropy term
Here
This is the exact eigensystem for the case of δM = 0 (or equivalently, α = 0). To compute the eigenbasis for α = 0 we treat δM as a perturbation
. The perturbative approach can be justified in the limit of q → 0 by noting that lim q→0 δM (q) = 0 in contrast to M (q) that remains finite, and thus, the eigenbasis (12) becomes exact in this limit. Thus, the perturbation theory is valid in the limit
where r ≈ 0.239 . . . can be expressed as an integral over a lengthy expression of trigonometric functions. Note that in the last line we assumed ω
T . Now lets make some estimates. In SrTiO 3 the longitudinal phonon frequency should be ω L = 100 meV. We can overestimate the parameter α by taking it to be α = c 2 T , where the velocity of the transverse mode is c T ∼ 5 meV nm (this implies that the dispersion is very anisotropic). Finally, to get a number we estimate this average at q = 2k F , where k F = (3π 2 n) 1/3 . At a density n = 10 20 cm −3 we find that . In contrast Wölfle and Balatsky estimated s ≈ 0.1. Clearly, if they take into account this correction the pairing they found in the s-wave channel will become negligibly small.
We emphasize that the q 4 dependence in Eq. (14) holds only for modes that create a dipolar excitation within the unit cell. It is this dipolar coupling that forces the displacement vector to be nearly perpendicular to q. As an example, consider the 6 meV TO mode that is associated with the cubic to tetragonal transition at 100K. This mode originate as a zone corner mode in the cubic phase that is folded to the zone center and produces a quadrupole moment rather than dipole in the unit cell. In this case the factor s can be finite in the limit of small q. A reasonably large λ can be obtained by exchanging this mode at intermediate and high density 6 and may supplement the polar phonon mechanism 4 and contribute to T c , even though λ will still be small at low density due to the small density of states. Indeed, there is evidence that this mode contributes to the transport scattering rate around 50K. 
III. A GENERAL FORMULATION OF THE DEFORMATION POTENTIAL
Next we consider the general problem of the coupling to a TO mode in a crystal with multiple ions in the unit cell. we first consider the general potential caused by a deformation. We make the rigid ionic potential approximation, i.e., we write the potential induced on the electrons by the deformation of the set of lattice deformations {U jα } as
where R jα = R j + τ α is the position of the α ion at unit cell j and V α (r) is the potential it induces. The precise form of this potential will be discussed later in more detail. Thus, the matrix element for transitions between electronic states due to this potential is thus given by
Here Ω = N a 3 is the total volume, a is the lattice constant, Q = k ′ − k + G represents the conservation of crystal momentum, the ψ kn (r) = e ik·r √ Ω χ kn (r) are the Bloch wave functions of an electron in band n and the integral is over the unit-cell. Note that U q,α = U q+G,α . Thus, we can define the transition matrix element
such that the electron-phonon coupling is given by
This expression is quite general. Notice that there are terms proportional to G, which allow a finite coupling in the limit q = |k − k ′ | → 0. We comment on these terms and inversion symmetry are present, one can show that the sum of two contributions, G and −G, cancel each other if also n = n ′ (i.e. intraband scattering). That is, M
To see this we note that with TRS we have χ * kn (r) = χ −kn (r) and with inversion we have χ kn (r) = χ −kn (−r). Thus, the product χ * kn (r)χ kn (r) is an even function of r, and thus its Fourier series is an even function of G. Thus, the conclusion, is that with these symmetries present the electron coupling to transverse optical phonons at zero momentum transfer must include interband processes. at the end of this section, but since the authors of Ref. 1 did not consider the finite G terms we continue to follow their analysis and consider only normal processes with G = 0. Additionally, they also only considered a single band approximation, therefore they arrive at a result of the form
Let us write V α (q) = Z α V C (q) + V ps,α (q) where
is the Coulomb interaction, Z α is the charge on ion α such that charge neutrality gives α Z α = 0 and V ps,α (q) is what is left over, which we refer to as the pseudo-potential of ion α. Then Eq. (19) becomes
where u q = α Z α U α (q) is the displacement, which is proportional to the unit-cell dipole and corresponds to the soft phonon discussed in Section II. This discussion there applies: in particular, the average of (q ·û q ) 2 is proportional to q 4 as given by Eq. (14). As a result, the contribution from the Coulomb interaction, the only one kept by Wölfle and Balatsky, is entirely negligible. On the other hand, the second term in Eq. (21) is proportional to u ′ · q where u ′ q = α V ps,α (q)U qα and where V ps,α is the short-ranged pseudo potential of ion α. u ′ is in general not parallel to u and does not need to be perpendicular to q even in the q → 0 limit. However, for cubic and tetragonal crystal structure, as in SrTiO 3 , symmetry constraints all the individual displacements U qα to be colinear near the zone center. This is clearly the case for q along a symmetry direction such as the x axis and it is easy to see that it continues to hold for arbitrary direction because the force matrix is non-singular in the q goes to zero limit. Thus, u is parallel to all U qα and we may conclude that also this term is suppressed by the same factor of s ∝ q 4 and is therefore negligible.
To conclude, we have shown that the gradient coupling of the soft TO mode to electronic density in SrTiO 3 is dramatically suppressed near the zone center. This is due to long-ranged Coulomb forces, which bend the polarization to become truly transverse to q. The result holds both for the long-ranged Coulomb repulsion and the short range pseudo potential. We find confirmation to our results in a recent ab initio calculation of the electronphonon coupling in STO 8 , where the coupling to the TO phonon is found to be weak and decreases at small q.
Regarding the terms with finite G in Eq. (18) we note that in the limit of zero momentum transfer k = k ′ and when both time-reversal and inversion symmetry are present, one can show that the sum of two contributions, G and −G, cancel each other if n = n ′ (i.e. intraband scattering). That is, M
To see this we note that with time reversal symmetry we have χ * kn (r) = χ −kn (r) and with inversion we have χ kn (r) = χ −kn (−r). Thus, the product χ * kn (r)χ kn (r) is an even function of r, and thus its Fourier series is an even function of G. Concerning interband scattering, for states with k near the zone center, they are either even or odd under inversion. interband scattering between even and odd states is allowed for states near the zone center. However, in STO, the states of interest near the Fermi level are d wave which are even. Therefore we conclude that the finite G processes are negligible in STO at low density.
IV. BOUNDING THE COUPLING USING
TRANSPORT DATA
In this section we bound the coupling to the TO mode using resistivity measurements in Ref. 9 In addition to the soft TO mode, which was discussed in this comment in great detail, the authors of Ref. 1 have also considered the dynamics of the screened Coulomb potential as a pairing mechanism. In particular, they considered the dynamics associated with the high-frequency LO mode. They argue that even when the phonon frequency is greater than the Fermi energy, one can integrate the Eliashberg equation up to a cut-off ω c , which is determined by the criterion that the quasiparticles are well defined. We disagree with this and simply point out that the Eliashberg equation is based on the approximation of keeping the ladder diagrams with the leading logarithm. For frequencies above the Fermi energy, the ladder diagrams no longer carry the logarithm and many other diagrams contribute equally. Whether the quasi-particles are well defined or not is irrelevant. Historically, Takada 10 treated the dynamically screened interaction in the same way and integrated the Eliashberg equation up to very high frequencies, to obtain a relatively large T c , However, this procedure has been criticized by showing that vertex corrections are large 11 . In Ref. 1, the consequence of taking a large cut-off is that they found a T c dome with T c as large as 0.45 K even for densities as low as 10 17 cm −3 , in clear disagreement with experiment. (see the green curve in their figure 2)
In Appendix A.3 the authors of Ref. 1 attempted to justify their procedure by arguing that the vertex correction is small because the coupling is weak. However, they used a full screened interaction, taking the static limit of screening not only for the electrons, but also for the phonons in their eq.A34. We note that according to ref 4 the attraction comes precisely from the frequency dependence of the phonon part of the dielectric function ǫ ph (ω) = ǫ ∞ (ω 2 LO +ω 2 n )/(ω 2 T O +ω 2 n ) where ω n is the Matsubara frequency. The attraction comes from the differ-ence in potential with the dielectric function evaluated between the frequencies ω LO and ω T O . This difference is much larger than the staic limit used in Ref. 1. By using the static lomit, these authors have under-estimated the couplng by orders of magnitude. The correct estimate should be taken at a range of frequencies up to the LO mode and the vertex correction is non-negligible. Thus, there is no reason why only the ladder diagrams can be kept and the results of using the Eliashberg equation up to high cut-off are generically inaccurate.
VI. ACKNOWLEDGMENTS
We thank Peter Wölfle for pointing out Ref. 8 . JR acknowledges work to appear with Zhen Bi and Vladyslav Kozii which is closely related to some of the results presented here. PAL acknowledges the support of DOE under grant no. FG02-03-ER46076. 
